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Abstract
We present a nonlinear modification of the evolution of the gluon density, obtained at small x
from the Berger-Block-Tan form of the deep inelastic structure function F2 in the leading order of
perturbation theory.
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1
In the snall-x regime, nonperturbative effects were expected to play an important role.
However, as it has been observed up to very low Q2 ∼ 1 GeV2 values, considered processes
are described reasonably well by perturbative OCD (pQCD) methods (see, for example,
[1]). It should be noted, nonetheless, that at extremely low x, x → 0, the pQCD evolution
provides a rather singular behavior of the parton distribution functions (PDFs) (see e. g.
Refs. [2, 3] and references therein), which strongly violates the Froissard boundary [4].
In Ref. [5] a new form of the deep inelastic lepton-hadron scattering (DIS) structure
function (SF) F2(x,Q
2) was proposed. It will be called below as the Berger-Block-Tan (BBT)
structure function. The SF FBBT2 (x,Q
2) leads to the low x asymptotics of the (reducted)
DIS cross-sections ∼ ln2 1/x, which is in turn in an agreement with the Froissard predictions
[4]. This parametrization is relevant in investigations of ultra-high energy processes, such
as scattering of cosmic neutrino off hadrons (see [6, 7]).
Following to our previous studies in [8] and [9], recently the gluon density fg(x,Q
2) and
the longitudinal DIS SF FL(x,Q
2) in the BBT form have been obtained in Refs. [10, 11]
and [12] at small values of x, using the SF FBBT2 (x,Q
2). To do it, we proposed a violation of
twist-two evolution of gluon density by a nonlinear term. The purpose of the present letter
to show the exact form of the violation. All the results will be done at the leading order
(LO) of perturbation theory.
1. The SF F2 is expressed through the quark density fq(x,Q
2) (hereafter fa(x,Q
2)
(a = s, g) are usual PDFs multiplied by x) as
F2(x,Q
2) = efq(x,Q
2), e =
1
f
f∑
i=1
e2i ≡
e2f
f
, (1)
where e is the average charge square and f is the number of flavors.
The famous DGLAP equations [13] relate the gluon and quark densities as
dfa(x,Q
2)
dlnQ2
= −
as(Q
2)
2
∑
b=s,g
P
(0)
ab (x)⊗ fb(x,Q
2), f1(x)⊗ f2(x) ≡
∫ 1
x
dy
y
f1(y)f2
(
x
y
)
, (2)
where the symbol ⊗ stands the Mellin convolution,
as(Q
2) =
αs(Q
2)
4pi
=
1
β0 ln(Q2/Λ2LO)
(3)
is the strong coupling constant and P
(0)
ab (x) (hereafter (a, b = s, g)) and β0 are the LO
splitting functions and the first coefficient of QCD β-function.
Equations (1) and (2) lead to the following realtions
dF2(x,Q
2)
dlnQ2
= −
as(Q
2)
2
[
eP (0)sg (x)⊗ fg(x,Q
2) + P (0)ss (x)⊗ F2(x,Q
2)
]
, (4)
dfg(x,Q
2)
dlnQ2
= −
as(Q
2)
2
[
P (0)gg (x)⊗ fg(x,Q
2) + e−1P (0)gs (x)⊗ F2(x,Q
2)
]
+ f2g(x,Q
2) , (5)
2
where we add to the gluon evolution (5) the nonlinear term (following to Refs.[14, 15])
f2g(x,Q
2) = S(x,Q2) f˜ 2g (y,Q
2), f˜ 2g (y,Q
2) =
∫ 1
x
dy
y
f 2g (y,Q
2) (6)
with some extra function S(x,Q2), which is the subject of the present study.
The nonlinear term modifies strongly the low x asymptotics of the gluon density, which
becomes to be ruther flat. Such types of gluon density leads to less singular form of the
high-energy asymptotics of cross-sections [6].
2. Following to the BBT form FBBT2 (x,Q
2) (see Eq. (12) below), the equation (4) can be
considered as a definition of the gluon density fBBTg (x,Q
2). One can substantially simplify
the calculations if one considers Eqs. (4) and (5) in the space of Mellin momenta, by taking
advantage of the fact the Mellin convolution becomes merely a product of individual Mellin
momenta of the corresponding functions in the space of Mellin momenta. So, we go to Mellin
space [22], using the following Mellin moments
M2(n,Q
2) =
∫ 1
0
dxxn−2F2(x,Q
2), Mg(n,Q
2) =
∫ 1
0
dxxn−2fg(x,Q
2) , (7)
M2g(n,Q
2) =
∫ 1
0
dxxn−2S(x,Q2)f 2g (x,Q
2), γ
(0)
ab (n) =
∫ 1
0
dxxn−2P
(0)
ab (x) . (8)
After the Mellin transform, the equations (4) and (5) are replaced by ones
dM2(n,Q
2)
dlnQ2
= −
as(Q
2)
2
[
eγ(0)sg (n)Mg(n,Q
2) + γ(0)ss (n)M2(n,Q
2)
]
, (9)
dMg(n,Q
2)
dlnQ2
= −
as(Q
2)
2
[
γ(0)gg (x)Mg(x,Q
2) + e−1γ(0)gs (x)M2(x,Q
2)
]
+M2g(n,Q
2), (10)
with the LO anomalous dimensions γ
(0)
ab (n) (hereafter (a, b = s, g)), which are
γ(0)sg (n) = −
4f(n2 + n + 2)
n(n + 1)(n+ 2)
, γ(0)gs (n) = −
16(n2 + n+ 2)
3(n− 1)n(n+ 1)
,
γ(0)ss (n) =
32
3
[
Ψ(n+ 1)−Ψ(1)−
3
4
+
1
2n(n + 1)
]
,
γ(0)gg (n) = 24
[
Ψ(n+ 1)−Ψ(1)−
1
(n− 1)n
−
1
(n+ 1)(n+ 2)
]
+ 2β0, (11)
where Ψ(n) is the Euler Ψ-function.
3. Following to Ref. [17], we use the extended BBT form of the proton SF at x < xP =
0.011, where the combine H1 and ZEUS data [18] taken into account:
FBBT2 (x,Q
2) = (1− x)
2∑
m=0
Am(Q
2)Lm, A0 =
FP
1− xP
, FP = 0.413± 0.003 (12)
with
L = ln
[
(1− x)xP
(1− xP )x
]
, Am(Q
2) =
2∑
k=0
amk l
k, m = (1, 2), l = ln(Q2) (13)
3
and
a10 · 10
2 = −8.471± 0.260, a11 · 10
2 = 4.190± 0.156, a12 · 10
3 = −3.973± 0.213,
a20 · 10
2 = 1.297± 0.036, a21 · 10
4 = 2.473± 0.246, a22 · 10
3 = 1.642± 0.055 . (14)
We note that gluon density and coupling constant are strongly correlated when they are
fitted from experimental data. Following this fact, we will try to find the modified gluon
density fˆBBTg (x,Q
2) = as(Q
2)fBBTg (x,Q
2) in the form [23]
fˆBBTg (x,Q
2) =
3
4e2
2∑
m=0
Bm(Q
2)Lm, Bm(Q
2) =
2∑
k=0
bmk l
k . (15)
Performing the Mellin transforms (7) and (8), we have the following representations for
the Mk(n,Q
2) (hereafter (k = 2, g)) at n = 1 + ω and ω → 0
MBBT2 (n,Q
2) =
xωp
ω
[
A0 +
1
ω
A1(Q
2) +
2
ω2
A2(Q
2) +O(xp)
]
, (16)
MBBTg (n,Q
2) =
3
4e2
xωp
ω
[
B0(Q
2) +
1
ω
B1(Q
2) +
2
ω2
B2(Q
2) +O(xp)
]
, (17)
which are obtained using the basic integrals∫ xp
0
dx xn−2(1− x)Lk(x) = k!
xωp
ωk+1
+O(xω+1p ). (18)
3a. From Eq. (9) we have (Mˆg(n,Q
2) = as(Q
2)Mg(n,Q
2))
Mˆg(n,Q
2) = −
2
eγ
(0)
sg (n)
[
dM2(n,Q
2)
dlnQ2
+
as(Q
2)
2
γ(0)ss (n)M2(n,Q
2)
]
. (19)
Equating the coefficients in front of 1/ω singularities in the both sides, one finds the
results for Bm(Q
2)
B2 = A
′
2, B1 = A
′
1+
13
6
A′2+
32as
3
δssA2, B0 =
13
12
A′1−
1
8
A′2+
16as
3
(
δssA1+2∆ssA2
)
, (20)
where
A′m(Q
2) =
Am(Q
2)
dl
= am,1 + 2am,2 l, (m = 1, 2), (21)
and
δss =
5
2
− ζ2, ∆ss =
13
12
ζ2 − ζ3 −
11
96
(22)
are ω and ω2 terms of the ω-expansion of γ
(0)
ss (1+ω). We used also the propoerty γ
(0)
ss (1) = 0.
3b. Now we consider the equation (10) for the evolution of the gluon density, which con-
tains the Mellin moment M2g(n,Q
2) of the nonlinear term f2g(x,Q
2) = S(x,Q2)f˜ 2g (x,Q
2) =
Sˆ(x,Q2)fˆ 2g (x,Q
2) with fˆ 2g (x,Q
2) = a2s(Q
2)f˜ 2g (x,Q
2) and Sˆ(x,Q2) = S(x,Q2)/a2s(Q
2):
M2g(n,Q
2) =
1
2
[
γ(0)gg (n)Mˆg(n,Q
2)+ e−1γ(0)gs (n)as(Q
2)M2(n,Q
2)
]
−
d
dlnQ2
Mˆg(n,Q
2)
as(Q2)
, (23)
4
where all terms in the r.h.s. are already fixed.
We note that the anomalous dimensions γ
(0)
gs (n) and γ
(0)
gg (n) contain singularities at the
limit n → 1 (see eq. (11)), which produce the asymptotics ∼ L3 in the first two terms of
the r.h.s. of (5) and, correspondly, the poles ∼ 1/ω4 in the first two terms of the r.h.s. of
(10). The function fˆ 2g (x,Q
2) has the asymptotics ∼ L5
fˆ 2g (x,Q
2) =
9L3
16e2
2∑
m=0
Dm(Q
2)Lm +O(L2) , (24)
where
D0 =
1
3
(
B21 + 2B0B2
)
, D1 =
1
2
B1B2, D2 =
1
5
B22 . (25)
and, thus, from self-consistence of the small x-asymptotics, the coefficient Sˆ(x,Q2) should
be like 1/L2. So, we can use the function Sˆ(x,Q2) in the following form
Sˆ(x,Q2) =
2∑
m=0
Sˆm(Q
2)Lm−4 . (26)
Then, the last term in the r.h.s. of (5) can be parameterized as
f2g(x,Q
2) =
9L
16e2
D2(Q
2)
2∑
m=0
S˜m(Q
2)Lm +O(L0) , (27)
where S˜2 = Sˆ2 and
S˜1 = Sˆ1 +
D1
D2
Sˆ0, S˜0 = Sˆ0 +
D1
D2
Sˆ1 +
D0
D2
Sˆ. (28)
The Mellin moment of f2g(x,Q
2) in (27) is
M2g(n,Q
2) =
xp
ω
9D2
16e22
(
S˜0
1
ω
+ S˜1
2
ω2
+ S˜2
6
ω3
)
+O
(
1
ω
)
(29)
and obeys the relation (23). Comparing the coefficients in front of 1/ω singularities in the
l.h.s and r.h.s. in (23) and using relations (25), we have for the coefficients S˜m(Q
2)
S˜2 = Sˆ2 = −
80e2
3B22
[
B2 +
8f
27
asA2
]
,
S˜1 =
20e2
3
B2
B22
−
40e2
B22
[
B1 − 2εggB2 +
8f
7
as
(
A1 −
3
2
A2
)]
,
S˜0 =
20e2
3
B1
B22
−
80e2
B22
[
B0 − εggB1 − 2δggB2 +
8f
27
as
(
A0 −
3
4
A1 +
7
4
A2
)]
, (30)
where
Bm(Q
2) =
d
dl
(
Bm(Q
2)
as(Q2)
)
. (31)
5
Inverting the relations (28) as
Sˆ1 = S˜1 −
5B1
2B2
S˜0, Sˆ0 = S˜0 −
5B1
2B2
S˜1 +
(
55
12
B21
B22
−
10
3
B1
B2
)
S˜0 (32)
and taking Eq. (30), after some algebra we have for the coefficients Sˆm(Q
2)
Sˆ1 =
20e2
3
B2
B22
+
40e2
B22
[
2
3
B1 + 2εggB2 −
8f
27
as
(
A1 −
[
3
2
+
5B1
3B2
]
A2
)]
,
Sˆ0 =
10e2
3B32
(
2B1B2 − 5B1B2
)
−
80e2
B22(Q
2)
[
B0 −
(
10
9
−
3
2
εgg
)
B1 +
5
18
B
2
1
B2
− 2δggB2
+
8f
27
as
(
A0 −
[
3
4
+
5B1
4B2
]
A1 +
[
7
4
+
55
72
B1
B2
+
55
36
B21
B22
]
A2
)]
. (33)
So, now the coefficient function Sˆ(x,Q2) in (6) is completely fixed by the parameters (13)
of the SF FBBT2 (x,Q
2) in (12).
Conclusion. Using the SF FBBT2 (x,Q
2) and the gluon density fBBTg (x,Q
2), we recovered
the form of the coefficient function Sˆ(x,Q2) in front of the nonlinear term in the gluon
evolution at the LO of perturbation theory. The coefficient function is negative at low
x values and is suppressed as 1/ ln2(1/x) (see eq. (26)), that is in a full agreement with
earlier studies in [20]. However, the Q2-dependence is different: at large Q2 values we have
Sˆ(x,Q2) ∼ 1/ln(Q2) but the corresponding coefficient function in Ref. [20] ∼ 1/Q2. Our
Q2-dependence comes directly from the shape (12) of the SF FBBT2 (x,Q
2), where there is
only ln(Q2) dependence of the coefficients (13).
As it was already discussed, the nonlinear term in the gluon evolution (6) leads to sig-
nificantly less singular form (15) of the gluon density fBBTg (x,Q
2) in comparison with the
corresponding results in perturbation theory (see, for example, [2]). Such form is in an
agreement with the Froissard boundary [4] and can be useful for studying [6, 7, 21] the
high-energy behavior of photon, neutrino and proton cross sections.
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